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A multitime probing of density fluctuations is introduced to investigate hidden time scales of heterogeneous
dynamics in glass-forming liquids. Molecular-dynamics simulations for simple glass-forming liquids are per-
formed and a three-time correlation function is numerically calculated for general time intervals. It is demon-
strated that the three-time correlation function is sensitive to the heterogeneous dynamics and that it reveals
couplings of correlated motions over a wide range of time scales. Furthermore, the time scale of the hetero-
geneous dynamics �hetero is determined by the change in the second time interval in the three-time correlation
function. The present results show that the time scale of the heterogeneous dynamics �hetero becomes larger
than the �-relaxation time at low temperatures and large wavelengths. We also find a dynamical scaling
relation between the time scale �hetero and the length scale � of dynamical heterogeneity as �hetero��z with z
=3.
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The understanding of drastic slowing down and nonexpo-
nential relaxations in glasses and dense colloids and the jam-
ming of granular materials is one of the most challenging
problems in condensed-matter physics. Extensive studies
have been carried out through experiments, computer simu-
lations, and theories �1,2�. Recently, the concept of “dynami-
cal heterogeneity” in glass-forming liquids has attracted
much attention and has been considered as an essential no-
tion for understanding the slow dynamics. Near the glass
transition temperature, the dynamics becomes spatially het-
erogeneous and includes the coexistence of mobile and im-
mobile correlated regions. A number of molecular-dynamics
�MD� simulations �3–13� and experiments �14,15� have de-
tected the existence of dynamical heterogeneity with various
visualizations.

To characterize the heterogeneous dynamics in glass-
forming liquids, explorations that can provide more detailed
information that is not available from conventional two-point
correlation functions are essential and significant. In fact, the
growth of the length scale � with decreasing temperature has
been measured in terms of four-point correlation functions
by simulations �7–9,11–13,16–18�, experiments �19–21�, and
mode-coupling theory �22�.

Another important issue is the temporal details of the dy-
namical heterogeneity, such as the lifetime and the relocation
time, i.e., the time scale over which slow �fast� moving par-
ticles remain slow �fast�. The central question is whether or
not the lifetime of dynamical heterogeneity �hetero is compa-
rable to the so-called �-relaxation time �� determined by the
two-point correlation function �19,20�. If the deviation be-
tween the two time scales becomes large near the glass tran-
sition temperature, the details of the relaxation processes of
spatially heterogeneous dynamics are essential to under-
standing the drastic slowing down.

In order to quantify �hetero, a multiple time extension of
the density correlation function is necessary, since the two-
point correlation function averaging over the full ensemble
cannot distinguish among dynamics of subensembles. This
idea has been applied to various experiments such as multi-
dimensional nuclear magnetic resonance, hole burning, and
photobleaching �19,20,23–26�. Recently, several experiments

have provided the evidence to support that the lifetime of
heterogeneous dynamics �hetero becomes larger than the
�-relaxation time near the glass transition �25,26�. In com-
puter simulations, the multiple time extension has also been
employed to determine the lifetime of heterogeneous dynam-
ics �8–10,27–32�. In these calculations, however, due to in-
tense calculations several time intervals are fixed at a char-
acteristic time scale and thus only limited information on the
lifetime of the heterogeneous dynamics has been provided.

In this Rapid Communication, we present the comprehen-
sive information regarding the lifetime of dynamical hetero-
geneity and its temperature dependence. We perform MD
simulations for simple glass-forming liquids at various tem-
peratures and investigate the dynamics in terms of a multi-
time correlation function that shows the coupling of motions
with various time scales in the heterogeneous dynamics. The
wave-vector dependence of the lifetime of heterogeneous dy-
namics is also studied. Furthermore, the dynamical scaling
relation between the lifetime and the length scale of the dy-
namical heterogeneity is presented.

Similar to earlier studies �27–31�, we define the three-
time, i.e., four-point, correlation function with times 0, �1, �2,
and �3,

F4�k,t1,t2,t3� =� 1

N
�
j=1

N

�Fj�k,�2,�3��Fj�k,0,�1�� , �1�

where �Fj�k ,0 ,��=cos�k ·�r j�0,���−Fs�k ,�� is the indi-
vidual fluctuation in the incoherent intermediate scattering
function defined as Fs�k ,��= 	�1 /N�� j=1

N cos�k ·�r j�0,���

with the wave vector k and k= �k�. Here,
�r j�0,��=r j���−r j�0� is the displacement vector between
two times, 0 and � of jth particle. The 	¯ 
 represents the
ensemble average over the initial time 0 and the angular
components of the wave vector. The definition of the time
interval ti is ti=�i−�i−1, where �0=0. It is noted that
F4�k , t1 , t2 , t3� expresses the correlations between fluctuations
in the two-point correlation function Fs�k , t� between two
time intervals, t1=�1 and t3=�3−�2. If the dynamics is ho-
mogeneous and if the motions between the two intervals t1
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and t3 are uncorrelated and decoupled, the multitime corre-
lation function F4�k , t1 , t2 , t3� should become zero. On the
other hand, if the dynamics is heterogeneous, spatially het-
erogeneous structures governed by the dichotomy between
fast- and slow-moving regions lead to finite values of
F4�k , t1 , t2 , t3� due to correlations of motions between the two
intervals t1 and t3. Furthermore, the progressive change in
the waiting time t2=�3−�2 of F4�k , t1 , t2 , t3� enables us to
investigate the time scale of the heterogeneous structure in
glass-forming liquids. In other words, the first two-point cor-
relation function �Fj�k ,0 ,�1� is capable of selecting the sub-
ensemble of slow �fast� contributions in heterogeneities and
the total function �Fj�k ,0 ,�1��Fj�k ,�2 ,�3� can reveal how
long the difference in the dynamics of the subensembles re-
mains over the waiting time t2 �28�. It should be noted that
multitime correlation functions are exploited in nonlinear
multidimensional spectroscopic studies of liquids and pro-
teins to understand the detailed dynamics, e.g., the transition
from inhomogeneous to homogeneous dynamics and the
couplings of molecular motions �33,34�.

To calculate our three-time correlation function Eq. �1�,
we have generated long-time trajectories of MD simulations
for a glass-forming binary mixture composed of soft sphere
components 1 and 2. Particles interact via a soft-core poten-
tial vab�r�=���ab /r�12, where �ab= ��a+�b� /2 and
a ,b� �1,2. The interaction is truncated at r=3�1. The size
and mass ratio are �1 /�2=1 /1.2 and m1 /m2=1 /2, respec-
tively. The units of length, time, and temperature are
�1, �0= �m1�1

2 /��1/2, and � /kB in this Rapid Communication.
Details of the simulations are given in previous papers �7,8�.
The systems are composed of N=N1+N2=1000 particles
with a fixed density 	=N /L3=0.8 and a composition
N1 /N=0.5. The corresponding system linear dimension is
L=10.8. Simulations were carried out at various tempera-
tures T=0.772, 0.473, 0.352, 0.306, and 0.289 with a time
step �t=0.005. Periodic boundary conditions were used in
all simulations. At each temperature, the system was care-
fully equilibrated in the canonical condition, and then, data
were taken in the microcanonical condition. We have defined
the �-relaxation time �� for each temperature by
Fs�k=2
 ,���=e−1 for component 1 particles, where k=2

corresponds to the wave vector of the first peak of the static
structure factor.

In Fig. 1, we show the two-dimensional plot of
F4�k , t1 , t2 , t3� of component 1 particles at the zero waiting
time, t2=0, for various temperatures. k is chosen as k=2
. It
is demonstrated that the intensity of F4�k , t1 , t2 , t3� grows
with decreasing T due to correlated motions of heteroge-
neous dynamics. This indicates that particles located in slow
�fast� moving regions during the first time interval t1 tend to
remain slow �fast� during the second time interval t3. The
line shape of F4�k , t1 , t2 , t3� is seen along the diagonal line
t1= t3, and the time at which F4 has a maximum value is
approximately given by the �-relaxation time ��. We here
remark that the diagonal part t1= t3 at t2=0 corresponds to
the three-time correlation function used in earlier studies
�27–29� to judge whether the relaxation type of the dynamics
is homogeneous or heterogeneous.

We next investigate how the heterogeneous dynamics
evolves with waiting time t2. Figure 2 shows that the waiting

time dependence of F4�k , t1 , t2 , t3� at the lower temperature
T=0.289. In addition, in Fig. 3, we plot the diagonal line
along t1= t3 of F4 at various t2 values. It is seen that the
correlation gradually decays with increasing the waiting time
t2 and tends to become zero for t2→�. The presence of
motions correlated with the �-relaxation time scale is clearly
observed, even for t2=10��. Moreover, the off-diagonal part
of F4 exists as t2 increases. This indicates that motions be-
tween the � relaxation and other relaxations with different
time scales, such as � relaxation, are also coupled, even for
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FIG. 1. �Color� Two-dimensional plots of the three-time corre-
lation function F4�k , t1 , t2 , t3� of component 1 particles at waiting
time t2=0 for various temperatures T=0.473 �a�, 0.352 �b�, 0.306
�c�, and 0.289 �d�. For each temperature, �� is indicated by the
arrow. The wave vector k is chosen as k=2
.

0

0.02

0.04

0.06

t1

t 3

10-1 100 101 102 103 104
10-1

100

101

102

103

104

0

0.02

0.04

0.06

t1

t 3

10-1 100 101 102 103 104
10-1

100

101

102

103

104

0

0.02

0.04

0.06

t1

t 3

10-1 100 101 102 103 104
10-1

100

101

102

103

104

0

0.02

0.04

0.06

t1

t 3

10-1 100 101 102 103 104
10-1

100

101

102

103

104
(b)(a)

(d)(c)

τ α τ α

τ ατ α

FIG. 2. �Color� Two-dimensional plots of the three-time corre-
lation function F4�k , t1 , t2 , t3� of component 1 particles for T
=0.289 at several waiting time t2=0 �a�, 0.5�� �b�, �� �c�, and 2��

�d�. �� is indicated by the arrow. The wave vector k is chosen as
k=2
.
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large t2 values. Here, it is seen in Fig. 3 that the peak position
of F4 changes slightly with t2. For t2=0, the peak appears
around the time �NGP, where the non-Gaussian parameter
�2�t�=3	�r4�t�
 /5	�r2�t�
2−1 has a peak. On the other
hand, for large t2, we find that the peak of F4 tends to shift to
the slower time �4

, where the nonlinear dynamical suscep-
tibility defined as 4�k , t�=N	��1 /N�� j=1

N �Fj�k ,0 , t��2
 with
k=2
 has a peak.

Here, we determine the lifetime of heterogeneous dynam-
ics �hetero and examine its temperature dependence. As in the
previous studies �31,32�, we define the volume of
F4�k , t1 , t2 , t3� by integrating over t1 and t3 as

�hetero�k,t2� =� � F4�k,t1,t2,t3�dt1dt3. �2�

Figure 4 shows �hetero�k , t2� /�hetero�k ,0� with k=2
 as a
function of the waiting time t2 normalized by the
�-relaxation time ��. As seen in Fig. 4, �hetero rapidly decays
to zero at higher temperatures and the time scale is compa-
rable to ��. In contrast, at lower temperatures, the relaxation
of �hetero occurs on a time scale larger than ��.
�hetero�k , t2� /�hetero�k ,0� can be fitted by the stretched-
exponential function exp�−�t2 /�hetero�c�, where �hetero can be
regarded as the lifetime of the heterogeneous dynamics. We
plot �hetero for each temperature T and wave vector k in Fig.
5. In Fig. 5, it is found that �hetero becomes large as the
temperature T decreases. In practice, the lifetime �hetero is
about 6�� with c�0.5 at T=0.289 and k=2
. Furthermore,
we confirm that �hetero systematically increases with decreas-
ing k implying that couplings of large scale motions have
long time scales in heterogeneous dynamics. Such strong de-
viations and decouplings between �hetero and �� with decreas-
ing T have been observed in experiments �25,26� and simu-
lations �8,31,35�. A more recent study has demonstrated that
the time scale for Fickian diffusion increases faster than ��

�36�, which would be related to our results. Another recent
study has also mentioned the existence of the slower relax-
ation time is not ��, but the lifetime of dynamical heteroge-
neity �37�.

Finally, it is of great interest to examine the dynamical
scaling relation between the time and length scales of dy-
namical heterogeneity. As is mentioned, the four-point corre-
lation function is used to extract the length scale � of the
dynamical heterogeneity, where the fluctuation in the two-
point correlation function can be considered as an order pa-
rameter as seen in critical phenomena. Various dynamical
scaling relations have been proposed �7,9,12�, however, the
time scale is practically chosen as the relaxation time of the
two-point correlation function, ��. Here, we note that the
time scale associated with � should be the average lifetime of
the fluctuations in the two-point correlation function, i.e.,
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FIG. 3. Diagonal part of the three-time correlation function
F4�k , t , t2 , t� of component 1 particles for T=0.289 at various wait-
ing times t2=0, 0.5��, ��, 2��, 3��, 4��, 6��, and 10�� from top to
bottom. The wave vector k is chosen as k=2
. The �-relaxation
time and the times at which the non-Gaussian parameter �2�t� and
the dynamic susceptibility 4�k=2
 , t� reach their peak values are
indicated as ��, �NGP, and �4

, respectively.
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FIG. 4. �Color online� Waiting time t2 dependence of the inte-
grated three-time correlation function �hetero�k , t2� /�hetero�k ,0� for
various temperatures. The waiting times are normalized by the �
relaxation time �� for each temperature. The wave vector k is cho-
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. The solid curve is determined by fitting with the
stretched-exponential form for each temperature.
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FIG. 5. �Color online� Lifetime of heterogeneous dynamics
�hetero normalized by the � relaxation �� versus temperature T for
k=
 �circles�, 2
 �squares�, 3
 �diamonds�, and 4
 �triangles�.
Inset: relation between �hetero and �� for k=2
. The straight line
with the slope 1.5 is a viewing guide.
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�hetero. From the inset of Fig. 5, we observe a quantitative
power-law behavior between �hetero and �� as �hetero���

� with
�=1.5 for k=2
. A previous study reports that a scaling re-
lation between �� and � as ����z� with z�=2 in the present
binary soft sphere system �7�. Note that in Ref. �7� the cor-
relation length � is estimated in terms of the static structure
factors of bond breakage processes among adjacent particle
pairs, which is essentially the same as the � determined by
the four-point correlation function consisting of fluctuations
in the local mobility �11–13,16,17�. Employing this relation,
we obtain a dynamical scaling relation as �hetero��z with
z=z��=3, which characterizes the relaxation processes of the
dynamical heterogeneity.

In summary, we have investigated a multitime correlation
function to quantitatively characterize the time scale of dy-
namical heterogeneity. The two-dimensional plots reveal
couplings of particle motions with various time scales, and
progressive changes in the waiting time allowed us to extract
the time scale of heterogeneous dynamics in glass-forming
liquids. It is demonstrated that the lifetime of heterogeneous
dynamics becomes rapidly larger than the �-relaxation time
as the temperature decreases, which is compatible with re-

cent optical experimental results �25,26� and computer simu-
lation studies �8,31,35–37�. We have also studied the wave-
vector dependence of the lifetime, which is found to
systematically increase for large length scales. We have fur-
thermore confirmed the dynamical scaling relation between
the time and length scales of dynamical heterogeneity as
�hetero��z with z=3, where both variables are determined in
terms of the four-point correlation function. It is worth men-
tioning that the existence of the slower time scale �hetero than
�� may give the new insights into the characterizing of the
violation of the Stokes-Einstein relation �8,35,38� and non-
Newtonian behaviors in sheared glassy liquids �7,39�, as is
discussed in Ref. �37�.
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